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High frequency conductivity in the quantum Hall e!ect
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Abstract

We present high frequency measurements of the diagonal conductivity �
��

of a two-dimensional electron system in the
integer quantum Hall regime. The width of the �

��
peaks between QHE minima is analyzed within the framework of

scaling theory using both temperature (¹"100}700 mK) and frequency ( f)6 GHz) in a two parameter scaling ansatz.
For the plateau transition width �� we "nd scaling behaviour for both its temperature dependence as well as its frequency
dependence. However, the corresponding scaling exponent for temperature (�"0.42) signi"cantly di!ers from the one
deduced for frequency scaling (c"0.6). Additionally, we use the high frequency experiments to suppress the contact
resistances that strongly in#uences DC measurements. We "nd an intrinsic critical conductivity �

�
"0.17e�/h, virtually

independent of temperature and "lling factor, and deviating signi"cantly from the proposed universal value
0.5e�/h. � 2001 Elsevier Science B.V. All rights reserved.
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Fundamental progress in the understanding of
the properties of a two-dimensional electron system
(2DES) in high magnetic "elds was brought by the
application of scaling theory to the transition be-
tween quantum Hall plateaus (review [1] and refer-
ences therein). Within this theoretical picture the
step in the Hall conductivity �

��
between quantized

values and the corresponding maximum of the
longitudinal conductivity �

��
are governed by a

diverging localization length �J��!�
�
��� with

"lling factor � and critical point �
�

near half integer
"lling. The exponent � is believed to be universal
with a value of �"2.3 found in numerical studies
and size scaling experiments. The conductivities are

given by scaling functions ���(¸
���

/�). ¸
���

is an
e!ective length scale governed by sample size, tem-
perature or frequency. The natural temperature
dependent length scale is determined by the phase
coherence length ¸�J¹���� with p"2 deduced
from the experiment. Applying a high frequency to
the system introduces an additional length scale,
the dynamic length ¸

�
Jf���� with dynamic expo-

nent z"1 found from numerical studies [2]. As
a consequence of the length scales de"ned above,
the width �� of the conductivity peak around �

�
is

predicted to follow power laws, ��(¹)J¹� with
�"p/2� and ��( f )Jf � with c"1/z�. The temper-
ature dependence has been subject to many experi-
ments, mostly with the result of �+0.43 from
which follows p"2. Only few experiments [3}5]
addressed the frequency dependence and yielded
contradicting results: While Engel et al. [3] mea-
sured scaling behaviour with c+0.43 consistent
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Fig. 1. Real and imaginary part of conductivity for di!erent
frequencies.

with z"1, an experiment of Balaban et al. [4]
contradicts scaling.

Right at the critical point �
��

has its maximum
value and is named critical conductivity �

�
. Follow-

ing scaling theory this value should be independent
of temperature, frequency and of the viewed
transition identi"ed by �

�
. Even further there are

analytical arguments and numerical calculations
for a sample independent universal critical con-
ductivity value of �

�
"0.5e�/h (references in Ref.

[1]), but most experiments do not even follow the
"rst prediction.

In this paper, we report frequency and temper-
ature dependent measurements with f"
100 kHz}6 GHz and ¹"100}700 mK which are
analyzed within the framework of scaling theory.
The measured transition widths follow scaling be-
haviour and are analyzed using a two parameter
scaling ansatz. We "nd di!erent exponents
�"0.42$0.05 and c"0.6$0.1 for frequency
and temperature dependence.

The critical conductivities �
�

at low frequencies
f(1 GHz are temperature, frequency and
transition dependent which can be understood by
contact e!ects. At high frequency contact e!ects are
negligible and we measure a transition independent
non-universal value �

�
"0.17e�/h.

The sample used in the present work is an Al-
GaAs/GaAs heterostructure grown by molecular-
beam epitaxy containing a 2DES with a moderate
electron mobility �

�
"35 m�/V s and an electron

density n
�
"3.3�10�� m��. The sample was pat-

terned in a Corbino geometry with ohmic contacts
fabricated by standard Ni/Au/Ge alloy annealing
(see inset in Fig. 1). The Corbino geometry allows
a two-point measurement of the diagonal conduct-
ivity �

��
which will be referred to as � throughout

this paper. The two-point measurement is the only
possible type of measurement at microwave fre-
quencies. The relation between the conductance
G"I/; with current I and voltage ; and the
conductivity � is given by �"G/2	 ln(r

�
/r

�
), where

r
�
"820 �m is the outer radius of the Corbino ring

and r
�
"800 �m is its inner radius.

The sample was used as termination of a stan-
dard coaxial line with impedance Z

�
"50 
. The

deviation of the sample impedance Z"1/G from
Z

�
leads to re#ection of a microwave signal fed into

the line. The re#ection coe$cient at the end of
the line is given by R

�
"(Z!Z

�
)/(Z#Z

�
). By

measuring this re#ection coe$cient we are able to
deduce the conductivity �. The setup would be most
sensitive to changes in � if the sample impedance
Z"1/G was close to the line impedance Z

�
"50 
.

This is the reason why we chose such extreme aspect
ratio of the Corbino disc yielding Z�1 k
 for the
expected conductivity ��0.5e�/h. We are still far
away from Z"Z

�
, but a smaller ring width would

lead to size e!ects. Sample and coaxial line were
"tted into a dilution refrigerator with base temper-
ature ¹

�
(50 mK. Great care was taken on the

thermal sinking of the coaxial line. An important
point is a careful characterization of the frequency
dependent losses, phase shifts and connector re#ec-
tions of the coaxial line. With this information we
are able to extract the frequency dependent sample
re#ection coe$cient R

�
from the total re#ection

R of the line measured with a network analyzer with
frequency range 100 kHz}6 GHz. The result of
such a measurement of the sample conductivity as
a function of the magnetic "eld is shown in Fig. 1.
Our measurement technique naturally gives access
to real and imaginary part of �.
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Fig. 2. Peak values of the real part of conductivity for di!erent
plateau transitions.

The measured amplitude of the Shubnikov-de
Haas (SdH) oscillations of the real part of the
conductivity Re(�) strongly rises from 100 kHz to
300 MHz (Fig. 2). The magnetic "eld dependence of
the imaginary part Im(�) in this low frequency
range is also distinct from the high frequency be-
haviour and shows SdH oscillation in phase with
the real part. This contradicts scaling theory where
frequency e!ects should be negligible for hf;k

	
¹.

With an electron temperature ¹
�
*100 mK a mar-

ginal frequency dependence for f(1 GHz would
follow. The reason for this disagreement lies in the
sample geometry: The two point Corbino geometry
is sensitive to contact e!ects. An accumulation or
depletion zone along the ohmic contacts leads to
edge modes not expected for ideal contacts. Such
e!ects were observed (e.g. in Ref. [6]), and in recent
work direct imaging of an edge structure in a Cor-
bino geometry was performed [7]. This edge struc-
ture leads to an additional resistance in series with
the 2DES and therefore a reduced total DC-con-
ductance of the sample. The DC-transport mecha-
nism from the contacts into the edge structure and
further into the undisturbed 2DES is probably gov-
erned by tunneling processes. This explains the low
values of the critical conductivity, which also de-
pends on the "lling factor, measured in most experi-
ments using Corbino geometry.

For AC-transport an additional transport mech-
anism from contact to undisturbed (bulk) 2DES is
opened. This might be capacitive coupling as
hinted by Im(�) in an intermediate frequency range

represented by f"300 MHz in Fig. 1. At su$-
ciently high frequencies, the additional edge series
resistance becomes small compared to the resist-
ance of the bulk 2DES and the conductance
measurement yields the true conductivity of the
electron system. For our measurement this is true
for f'2 GHz. Since we got rid of the disadvan-
tages of Corbino geometry, namely the contact
resistance, by applying high frequency, we are left
with an advantage in comparison to Hall geometry:
Using Corbino geometry, we have direct access to
the longitudinal conductivity, while for Hall geo-
metries it is necessary to invert the resistivity tensor
with possible errors due to geometry and in-
homogeneities.

For high frequencies �
�

scatters around
�
�
+0.17e�/h and shows no further systematic fre-

quency or "lling factor dependence (Fig. 2). Also
the temperature dependence of �

�
at these high

frequencies is found to be negligible, whereas
�
�

shows a strong decrease with decreasing temper-
ature at low frequencies. Again this behaviour can
be modeled by a strongly temperature dependent
edge resistance in series with the intrinsic 2DES
resistance.

At high frequencies, the critical conductivity
�
�

follows the predictions of scaling theory, but is
still signi"cantly lower than the proposed universal
value �

�
"0.5e�/h. It is of the same order of magni-

tude as the values found by Rokhinson et al. [8] in
one of the few experiments without apparent "lling
factor dependence. Believing in universality one
possible explanation for our experimental "ndings
was given by Ruzin et al. [9]. They showed that
macroscopic inhomogeneities of the carrier density
would lead to a critical conductivity deviating from
its universal microscopic value.

Leaving the critical point the next step is an
analysis of the transition width �� between quan-
tum Hall plateaus. Before heading to frequency
scaling the "rst step is to test for temperature scal-
ing. Fig. 3(a) shows the temperature dependence of
the plateau transition width �� plotted on logarith-
mic scale. The plot is representative for all
transitions in the "lling factor range �"2}6. The
low frequency curves are well described by a power
law ��J¹� with best "t results 0.39(�(0.45
for di!erent transitions. This result was tested at
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Fig. 3. Plateau transition width for transition �"3P4 de"ned
as FWHM of the conductivity peak and scaling analysis of (a)
temperature and (b) voltage dependence. Fig. 4. Scaling analysis of the frequency dependence of the

plateau transition width.

di!erent frequencies (100 kHz and 300 MHz)
and "ts the commonly measured exponent
�"p/2�"0.43 which is expected for �"2.3 and
p"2. Our data does not "t the linear dependence
found in an experiment of Balaban et al. [4]. Using
the scaling behaviour of the transition width as low
temperature thermometry for the electron system
we estimate an electron temperature ¹

�
for a base

temperature ¹
�
(50 mK between 100 and

150 mK, slightly dependent on magnetic "eld.
A second con"rmation of scaling behaviour is

given by the voltage dependence of �� shown in
Fig. 3(b): It follows a power law ��J;�. Inter-
pretation due to a voltage dependent e!ective tem-
perature ¹

�
J;� with a"b/� leads to

a"2/(2#p). An exponent a"0.5 equivalent to
p"2 leads to b"0.22 which "ts our data.

The second data set in Fig. 3(a) with f"3 GHz
represents the situation at high frequencies with ��
de"ned as the FWHM of the real conductivity
Re(�): At low temperatures, the transition width is
no longer temperature dependent, but is deter-
mined by the frequency.

In Fig. 4, the frequency dependence of �� is
plotted for plateau transition �"2P3. As shown
in the previous section the frequency governs the
transition width for f*3 GHz while for f)1 GHz
the electron temperature leads to saturation. This
restricts a conventional scaling analysis to a fre-
quency range f"3}6 GHz. A power law "t ��Jf �
in this range is shown as straight line and leads to
an exponent c"1/z�"0.6$0.1, which is higher
than the expected 0.43 for z"1 and �+2.3. For

comparison a power law with this exponent is plot-
ted as dashed line. It is clearly less favourable than
the higher exponent. To overcome the unsatisfac-
tory small "tting range it is necessary to incorpor-
ate both frequency and temperature into the scaling
analysis. We chose as an ansatz ¸��

���
"¸��� #¸��

�
.

The motivation is an addition of scattering rates:
The power law of the phase coherence length

¸�J¹���� follows from ¸�"�D/�� with the
inelastic scattering rate �� and di!usion constant
D. Interpreting in analogous way �

�
"D/¸�

�
as

frequency scattering rate the Mathiessen rule
�"��

	
leads to the proposed ansatz. The result-

ing transition width is

��"��
���

¹

¹
�
�

�
#�

f

f
�
�

���

�
��
���

.

One of the parameters ��
�
, ¹

�
and f

�
can be chosen

arbitrarily. Here we choose ¹
�
"1 K and use

��
�
, p"2 and �"2.3 from temperature and volt-

age scaling. A least square "t with remaining para-
meters f

�
and z for transitions in the "lling factor

range �"2}6 leads to z"0.75$0.1 compatible
with an exponent c+0.6 for pure frequency scaling
and deviating from the expected dynamical expo-
nent z"1. The "t is shown as grey line in Fig. 4.

In conclusion, we were able to measure the fre-
quency dependent complex conductivity of a
2DES at quantizing magnetic "elds and temper-
atures ¹)100 mK up to 6 GHz. This allows us
to overcome contact e!ects and to measure the
critical conductivity at the quantum Hall plateau
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transition which deviates from the proposed univer-
sal value. Second, we performed a scaling analysis of
the plateau transition width and incorporated a two
parameter ansatz, taking into account both temper-
ature and frequency. We "nd signi"cantly di!erent
scaling exponents for these two parameters which
are so far not understood theoretically.
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